We present a new method to obtain spectral properties of a non-Abelian gauge theory in the region where occupation numbers are high. The method to measure the (single-particle) spectral function is based on linear response theory and classical-statistical lattice simulations. Although we apply it to a system far from equilibrium in a self-similar regime, the extracted spectral function can be understood within the hard thermal loop (HTL) formalism and can thus be connected to thermal equilibrium at high temperatures. This allows us to obtain quantities like the lifetime of quasiparticles that are beyond the leading order and difficult to compute within HTL. The approach has the potential to measure transport coefficients, to study the earliest stages of heavy-ion collisions in a controlled way and it can be employed beyond the range of validity of HTL. 
Introduction
The knowledge of the spectral function ρ(t, ω, p) is crucial to understand the underlying excitation spectrum of a system. In [1] , we developed a method to obtain spectral functions and other unequal-time correlation functions non-perturbatively in non-Abelian gauge theories out of equilibrium, which uses the formalism of [2] and is presented in this Proceeding.
The method can be applied to highly occupied systems or when Yang Mills fields are large. Such situations occur at initial stages of ultra-relativistic heavy-ion collisions (URHICs) for weak couplings. After the collision, the out-of-equilibrium Quark-Gluon plasma (QGP) can be described by large classical Yang Mills fields that transform into a highly occupied plasma via instabilities [3] . After that, its pre-hydrodynamic evolution can be described by effective kinetic theory [4] . Some phenomenologically relevant questions of the initial stages can be addressed with the new method. These involve the instability phase and the transition to the highly occupied plasma, the details of which are not fully understood yet. A detailed knowledge of unequal-time correlation functions at initial stages is also necessary to study the early-time evolution of the jet quenching parameterq, the heavy-quark diffusion coefficient κ and of transport coefficients.
In this work, we will explain the main working principle of the method and we will apply it to an isotropic self-similar non-Abelian plasma. Because of a resulting scale separation of soft and hard modes, the hard thermal loop (HTL) formalism is applicable [5] and we will compare our numerical results to it. The comparison has a two-fold goal. On the one hand, we will check to what extent leading order (LO) HTL expressions describe the far-from-equilibrium system. On the other hand, interpreting our results as a non-perturbative simulation of HTL, we can compute quantities like the quasi-particle damping rate in a controlled way that are difficult to compute within HTL. This provides a deep insight into thermal equilibrium for high temperatures T Λ QCD .
New method to extract spectral functions
The far-from-equilibrium evolution of highly occupied non-Abelian plasmas of an SU(N c ) gauge theory can be efficiently described using classical-statistical (CSA) lattice simulations. Classical gauge and chromo-electric fields A j (t, x) and E j (t, x) with Lorentz index j = 1, 2, 3 are discretized on lattices N 3 s with lattice spacing a s . Their evolution is determined by classical Yang-Mills equations of motion (EOM) in temporal gauge A 0 = E 0 = 0. 1 A new technique to measure spectral functions of highly occupied non-Abelian plasmas has been recently developed in [1] . It extends the CSA method by employing linear response theory with linearized EOM from [2] . We will only sketch the working principle here, that is illustrated in the left panel of Fig. 1 . The upper parts of the panel show snapshots of ∑ j Tr(E j E j ) at z = 0 at a time 
Correlation functions compared Figure 1 : Left: Illustration of the new method to extract spectral functions on a real-time lattice, as described in Sec. 2. Right: A quasiparticle excitation shown for p = 0.7 Q for different correlation functions. A fit to a(t, p)/((ω − ω(t, p)) 2 + γ 2 (t, p)) is included. (figures developed for the highlighted article [1]) typical evolution of the response e j is shown in the lower part of the right panel of Fig. 1 . Using linear response theory, these oscillations can be connected to the retarded propagator G R and the spectral function ρ in Fourier space
where j k (t , p) is the remaining part of the source without the time Delta function. The spectral function can be efficiently extracted from (2.1) by use of statistical methods that have been developed in [7, 1] and allow to perturb the system at several momentum modes simultaneously. Moreover, transverse and longitudinal polarizations ρ T and ρ L can be distinguished.
First application and numerical results
When a bosonic theory is highly occupied f ∼ 1/g 2 for typical modes at weak couplings g 2 1, where f (t, p) is the (quasi-particle) distribution function, it often approaches a non-thermal fixed point (NTFP) during its out-of-equilibrium evolution [8] . In the proximity of a NTFP, the evolution becomes insensitive to details of the initial conditions and slows down considerably following a self-similar form f (t, p) = (Qt) α f s ((Qt) β p) with a constant scale Q and universal scaling exponents α, β and scaling function f s (p). As a first application of our method, we choose a NTFP emerging in isotropic SU(N c ) gauge theory in (3 + 1) dimensions. It has the universal scaling exponents β = −1/7, α = 4β and involves a power law f (p) ∼ (p/Q) −κ with κ 4/3 ∼ 1 for momenta below a hard scale p Λ(t) [6] . The hard scale grows with time while the mass decreases. 2 This leads to a scale separation that grows with time as Λ(t)/m(t) ∼ (Qt) 2/7 . Because of this, the HTL framework [5] becomes applicable, which organizes perturbation theory in terms of m/Λ 1. Our results will be therefore compared to the corresponding HTL expressions.
Using the new method at the self-similar system, we show a typical spectral function ∂ t ρ T =ρ T in the right panel of Fig. 1 as a function of frequency ω at fixed momentum. One finds a quasiparticle peak that follows the Lorentz function ∝ ((ω − ω(t, p)) 2 + γ 2 (t, p)) −1 . The position of the maximum ω(t, p) corresponds to the dispersion relation (the quasi-particles' energy) and the peak width γ(t, p) to the damping rate (inverse lifetime). Apart from the spectral function, we also show the statistical correlation function
) and similarlÿ F jk defined using E j (t, p). While in thermal equilibrium, it is equivalent to the spectral function because of the fluctuation-dissipation relationF = Tρ for small ω, p T below the temperature, we find ω 2 F ≈F, ωρ ≈ρ and a generalized fluctuation-dissipation relation far from equilibrium F T (t, ω, p) ≈F T (t, ∆t = 0, p)ρ T (t, ω, p), and similar for the longitudinal case.
Also more complex structures are encoded in ρ(t, ω, p). This is shown in the left panel of Fig. 2 for the transversely polarized spectral function ρ T at different momenta and fixed time t. It is shown as a function of the time difference ∆t = t − t (with ∆t t) and frequency ω from Fourier transforming with respect to ∆t. In addition to the quasi-particle peak, one finds an enhancement for |ω| ≤ p corresponding to the Landau damping of the system. Interestingly, Landau damping and the peak position (dispersion relation) agree well with the curves computed in the HTL formalism at LO.
Their main difference lies in the peak width, which is neglected in the LO HTL curves since it is a quantity at next-to-leading order (NLO) in that formalism. The extracted finite width, i.e., the damping rates are shown in the right panel of Fig. 2 for both polarizations as functions of momentum. One observes that they increase at p 0.15 Q ≈ m while flattening at higher momenta. Remarkably, they coincide at low momenta irrespective of the polarization. Moreover, the value at p = 0 is roughly consistent with the HTL value computed at NLO [5] . This is the first time that the damping rates were determined for a wide momentum range. Extending the known HTL results, this finding improves our knowledge of the high-temperature thermal state. It also shows that the system is dominated by long-lived quasi-particles, enabling a kinetic description.
Conclusion
We have presented here our new technique developed in [1, 2] where linear response theory is combined with classical simulations to obtain the spectral function ρ of highly occupied nonAbelian systems. Applying it to the self-similar regime of an isotropic non-Abelian plasma, we found that ρ involves a Landau damping region and a quasi-particle peak and is connected to the symmetric statistical propagator F in terms of a generalized fluctuation-dissipation relation. Our results for ρ are mostly consistent with HTL computations at LO. The main difference is that we were able to extract the full momentum dependence of the quasi-particle width γ(p) for the first time, extending HTL results for p = 0 computed at NLO. This is a promising method to address the questions discussed in the introduction. For heavyion collisions, it can be used to study the earliest stages of the evolution by distinguishing between strong classical fields and their unstable modes numerically. Studying unequal-time correlation functions such as F and ρ, also transport properties can be extracted at initial stages. Moreover, extending this method to other theories, it becomes a useful tool to understand the underlying microscopic dynamics of systems far from equilibrium.
